It's been known for many years that thermal temperature gradients across a rotor can alter the amplitude and phase of synchronous vibration. This is due to bowing of the shaft caused by a temperature difference between one side of the shaft and the other. The earliest published recognition of this phenomenon was by Newkirk [1] , where the temperature difference was a result of frictional heating from the rotor rubbing on non-rotating elements of the machine. A rub of this type could involve labyrinth seals, armatures, impellers, slip rings, etc.
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Residual rotor imbalance produces vibration, which may produce a rub. The rub generates heat locally on the shaft surface and bows the shaft, causing additional imbalance and leading to increased vibration and heat, and so on. This could be described as a type of thermal runaway.
Another way a temperature difference in the shaft can be produced is through non-uniform viscous shearing action in the oil film of a journal bearing. This particular type of thermal action is referred to as the Morton Effect [2] . An excellent review of literature on this topic is given by de Jongh [3] .
The Morton Effect is a thermal condition that exists to a various extent in all fluid film journal bearings. Figure 1 depicts a cylindrical sleeve bearing with an orbiting journal. An essential underlying condition of the Morton Effect is that the shaft orbital motion is synchronous with rotation. In Figure  1a the shaft is at its closest approach to the stationary bearing liner. In this position, the maximum amount of viscous shearing heat is generated at the location of minimum film thickness. This is a fundamental aspect of hydrodynamic lubrication. This particular spot on the shaft surface is marked with a red circle and subsequently referred to as the "high spot." The 4 successive orbital positions displayed in Figure 1 (every 90 degrees of shaft rotation) show that the "high spot" is the only spot on the shaft that experiences the smallest possible film thickness, and its accompanying maximum heat input during the course of one complete shaft orbit and revolution.
The result is that different regions of the shaft surface are exposed to different amounts of time averaged heat input during each revolution. This produces a fixed (relative to the shaft) temperature difference across the shaft. The temperature difference is proportional to the size of the orbit. When the orbit size is zero, and the shaft only spins, all regions of the shaft surface are exposed to identical amounts of heat during each revolution. This means there is no temperature difference created, except for the shallow skin temperature effects that cycle with each revolution. As orbit size increases, however, the variation in heat input becomes greater. The temperature difference across the shaft increases as orbit size increases.
Most rotating machines are not affected by the aforementioned orbit-induced temperature difference in a journal bearing. Some particular machine configurations, however, are sensitive. A common trait is a large amount of overhung weight outboard of one or both bearings. Examples include turbochargers and turboexpanders with large overhung impellers, high-power compressors with large heavy coupling hubs, and electrical generators with overhung exciters. Shaft bowing at the bearing throws the overhung weight out of balance. If the machine is running at a speed where vibration amplitude at the bearing is sensitive to imbalance of the overhung weight, a Morton Effect instability becomes likely.
Analysis
The Morton Effect can be mathematically analyzed using simple linear relationships among vector quantities. A necessary assumption is that thermal response will be much slower than rotordynamic response. In other words, rotor vibration is assumed to always be in a quasi steady state.
Vector quantities have amplitude and phase angle. The phase angles are with respect to a once-per-revolution phase marker installed on the shaft. Such measurement of vector quantities is routine with a vibration analyzer.
Basic vibration/balance relationship
This is the basic formula of influence coefficient balancing. It is a linear relationship between imbalance and vibration. The vibration should be measured with a shaft displacement sensor either in or very close to the bearing.
where V = high spot, or vibration vector (mils p-p, w/angle) U = heavy spot, or imbalance vector (oz-in, w/angle) A = influence coefficient vector (mils/oz-in, w/angle)
The vibration vector V serves to locate the "high spot" on the shaft surface. This is the spot on the shaft that comes closest to the bearing liner. The imbalance vector U serves to locate the "heavy spot" on the shaft. If the imbalance were in the form of a weight placed on the shaft, U would specify the magnitude and circumferential location of the weight. The vector quantity A is the sensitivity of vibration to imbalance.
Steady state thermal relationship
This formula locates the "hot spot" in relation to the position of the high spot, and quantifies the magnitude of the 
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temperature difference in the shaft. This is a steady state condition, and the temperature difference is assumed to be linearly proportional to the size of the shaft orbit. Published experimental results from test rigs have shown that hot spots lag high spots by as much as 60 degrees. In Figure 1 , the hot spot was displayed as if it were a coincident with the high spot. A series of thermocouples embedded in the shaft would be required to measure the extent of the temperature difference and its location.
T ss = steady state temperature vector (°F, w/angle) B = temperature coefficient vector (°F/mil, w/angle)
The vector quantity B $ is the sensitivity of shaft temperature difference to vibration. An analysis to rigorously compute values for temperature difference and phase angle is quite complex. It involves hydrodynamic fluid film lubrication with cavitation, thermal affects and orbit motion, simultaneously with a transient heat transfer analysis of the fluid, bearing shell and shaft. This has been done both analytically [2] and numerically [4] for special cases, but these approaches are not practical for industrial bearings.
Basic imbalance/Temperature relationship
This expression quantifies how much the shaft bows due to a temperature difference across the shaft, and how much imbalance results from the bow.
(3) where U = total imbalance vector (oz-in, w/angle) U o = initial mechanical imbalance vector (oz-in, w/angle) T = hot spot, or temperature vector (°F, w/angle) C = bow coefficient vector (oz-in/°F, w/angle)
The vector quantity C $ is the sensitivity of imbalance to shaft temperature difference. The amount by which the overhung weight is displaced from the shaft centerline quantifies C $ . The angle for C $ will be either 0 or 180 degrees, depending on which way the rotor gets thrown out of balance by the thermal bow. Equation (4) is an approximate formula for a bearing having axial length L and diameter D. It can be shown [5] that by assuming a temperature gradient that is linear and symmetric across the shaft, and uniform along the length of the bearing, the following amount of imbalance is produced at the center of gravity of the overhung weight M located distance L from the bearing (a = coefficient of thermal expansion).
Transient thermal relationship
This equation models how quickly the hot spot moves around the shaft. That is, the concept of the hot spot moving from where it is currently, to where it wants to be. The hot spot wants to be at its steady state position T, and will continuously try to move toward that spot. The rate of hot spot motion is determined by the thermal time constant of heat flow through the shaft. It will be shown below that the Morton Effect stability (or lack thereof) is independent of this time constant. The "thermal velocity" corresponds to the hot spot moving around the shaft. A ASME FEATURE thermal velocity of zero implies the hot spot is at a fixed location on the shaft.
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The 4 preceding expressions are combined as follows:
Starting from an assumed initial condition for T $ , Equation (7) allows calculation of the shaft temperature difference, and its location on the shaft, as a function of time. The expression applies to any constant value of rotor speed. The transient result for vector T $ can then be used to evaluate vector results for U $ and V $ by using Equations (1) and (3). Equation (7) is a single first order differential equation with constant coefficients, and so its solution is a complex exponential with a single eigenvalue, s , expressed as:
From physical considerations, the time constant Greek symbol is always a positive real value. The sole requirement for stability is that the real part of s not be positive, which leads to:
This shows that stability does not depend on the time constant, but only the three sensitivity vectors. Larger values of each of the three sensitivities, A $ , B $ and C $ ought to make an instability due to the Morton Effect more likely. However, the angles associated with these sensitivity vectors also influence stability. Even if the sensitivities are all large in magnitude, the rotor will still be stable if the three angles place the product of B $ A $ C $ to the left of +1 on the real axis of the complex plane. As rotor speed changes, the angle of A $ is the one that would tend to vary the most. The angle of C $ typically would not change at all. The angle of B $ , for journal bearings, likely stays in a range of approximately 0-60 degrees (lagging).
As speed approaches a critical speed, both the magnitude and angle of A $ will be changing rapidly. The stability condition Equation (10) tells us that if the real part of the vector product of the three sensitivities is less than 1, the system is always stable. When stable, the transient thermal solution to the vibration prediction equations is a converging spiral (as viewed on a polar plot of vibration) which settles to a steady operating point. The steady vibration operating point is a blend of mechanical and thermal (but constant) imbalance. When unstable, the vibration response spiral diverges (i.e. thermal runaway). Figure 2 illustrates an unstable diverging spiral calculated with Equation (7).
The above analysis suggests that an onset of the Morton Effect instability can be predicted with readily available rotordynamic analytical tools if only there were practical means of estimating the temperature sensitivity vector B $ . Estimation of the temperature coefficient vector could be done if a way to estimate shaft temperature difference as a function of journal orbit were readily available for any type of bearing.
New calculation method for shaft delta T
This section describes an approximate analytical approach for estimating the magnitude of shaft temperature difference due 
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to the Morton Effect. The method can be used for any type of journal bearing for which a typical steady state bearing design analysis code is available. The only special requirement of the bearing code is that the steady state circumferential temperature profile of the lubricant be available for post-processing. Shaft temperature difference is calculated as follows: For a selected combination of speed and load, run the 1.
bearing analysis program to get the static eccentricity position, and the stiffness and damping coefficients of the bearing. Select a journal orbit for which to compute a shaft delta 2.
T. Use an orbit of your choosing, or run a rotordynamic imbalance response analysis of the subject machine to calculate an orbit at the bearing. If the rotordynamic model contains a housing or bearing support, the orbit should be the relative orbit between the shaft and housing. As an example, Figure 1 shows a journal orbit that is a circle. Run the bearing analysis program again, but specify the 3.
position of the journal center to be the point corresponding to Figure 1(a) . This is the instant when the film thickness is at its smallest value. The bearing program produces a circumferential temperature profile around the bearing. At this instant in time, the shaft surface temperature profile is taken to be equal to the calculated oil film temperatures.
Repeat the calculation done in the preceding step with 4.
the journal positioned at the points depicted in Figures  1(b-d) . Note that as the journal travels around the orbit, it also rotates. For each of these positions the shaft surface circumferential temperature profile is calculated with the bearing program. Upon completion of the preceding step, 4 values of tem-5.
perature can be obtained for any point on the shaft surface at the 4 instances shown in Figure 1 (using interpolation when necessary). These 4 values are then averaged to yield an estimate of the steady state temperature of any point on the shaft surface.
In practice, the circumferential temperature profile should be calculated for a large number of points (e.g. 25-50) around the shaft surface, in order to generate a detailed profile of shaft surface temperature. Also, more than 4 orbit positions should be employed. Trials done with several bearing types suggest that 24 equally spaced points around the orbit may be optimal from the standpoint of resolution and efficiency of calculation.
Example calculations of shaft delta T
As an example, a double overhung turboexpander supported on 5-pad tilting-pad bearings with maximum continuous operating speed (MCOS) of 18,600 rpm will be studied [6] .
The initial design of this unit exhibited unstable Morton Effect behavior starting at a speed near 18,000 rpm. This rotor, shown in Figure 4 , has a very stiff shaft and runs well above 2 rigid body critical speeds (both below 10,000 rpm), and well below the first flexible rotor mode (near 30,000 rpm). The first flexible mode shape ( Figure 5 ) has maximum deflections at the two impellers. Since a thermal bow in either bearing will cause the nearby impeller to go out of balance, such a mode has the potential to be unstable due to differential heating. This analysis focuses on the compressor end bearing, which is near the larger and heavier of the two impellers. Vibration at this bearing exhibited a divergent spiral during testing (see Figure 6 ).
The analysis was performed through a range of speeds. At each speed the stiffness and damping properties of the bearings were computed, along with static eccentricity. Next, the imbalance response of the rotor to a concentrated imbalance at the compressor impeller was run to get the shaft orbit in the compressor end bearing at that speed. The shaft temperature difference is then calculated for that orbit. The imbalance response analysis yields A, the balance sensitivity vector, which at MCOS is 0.05 micrometers peak to peak per gm-mm of imbalance. The phase angle is very close 180 degrees, since the speed was far 
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below the third mode (mode shape in Figure 5 ). The bow coefficient vector, C $ , was approximated using Equation (4), and is 67.9 gm-mm per degree Celsius of shaft temperature difference at the bearing.
The phase angle of C $ is 180 degrees because the weight is outboard of the bearing. The temperature sensitivity vector B was calculated at each speed using the steady state bearing program and 24 points on both the shaft surface and orbit. Figure 3 shows a sample of the calculated temperature profile around the shaft. For example, at 18,600 rpm this was found to be 0.13°C/ micrometer. The size of the orbit used to determine this value is not important since the temperature was found to be linearly related to orbit size in a near perfect sense. The phase angle cannot be calculated with this analytical approach. A value of 20 degrees was used as this value was measured in a test rig by de Jongh and Morton [7] for a 5-pad tilting-pad bearing at 10,500 rpm. It is not known how much this phase angle varies vs. speed. Based on published values of calculated and measured phase angles, it is believed to always be between 0 degrees and 60 degrees (lagging).
The product of the three vector magnitudes at 18,600 rpm is only 0.44 (dimensionless). Therefore, being less than 1, differential heating is predicted to be stable at this speed. Figure 7 shows the vector result for B $ A $ C $ as a function of speed. Instability is predicted to commence at approximately 21,500 rpm, still far below the 3rd critical speed. As speed increases above this value, the instability becomes progressively stronger. Assuming a different value for the phase lag of vector B $ would rotate the curve in this plot about the origin, but the instability threshold would still be greater than 21,000 rpm, and this is considerably higher than that observed during unit testing. This discrepancy underscores the fact that the method of calculating the temperature differential presented here, which appears promising, is only approximate and lacking experimental verification. A future goal at the University of Texas is to conduct a test program to measure differential temperature in industrial bearings to provide verification.
Conclusions
A simplified method of modeling bearing differential heating (aka, the Morton Effect) and its affect on shaft synchronous vibration has been presented. The presentation reveals that three rather elementary vectors, each of which serve to quantify a distinctly different type of machine sensitivity, combine in a This method of analysis highlights the fact that the key missing ingredient to predicting the Morton Effect instability for any rotating machine is B $ , the temperature coefficient vector.
In addition, a new analytical method of estimating the magnitude of B $ has been proposed. A key advantage of the method is that it can be performed with commonly available computer codes for steady state fluid film bearing design. This potentially circumvents the need to perform a highly complex three-dimensional transient analysis of coupled rotordynamics, hydrodynamics and heat transfer.
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